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Abstract
We show how the Yao–Zeng system of coupled short-pulse equations
is related to the original short-pulse equation and obtain the correct zero-
curvature representation of the Yao–Zeng system via this relationship.
Recently, the short pulse equation (SPE), which can be written as
uxt = u+
1
6
(
u3
)
xx
(1)
after a scale transformation of its variables, was derived in [1] as a novel non-
linear wave equation describing the propagation of ultra-short intense infrared
pulses in silica optical fibers. In contrast to the celebrated nonlinear Schro¨dinger
equation which describes the propagation of sufficiently broad pulses, or slowly
varying wave trains whose spectra are narrowly localized around the carrier fre-
quency, the SPE works fine when the pulse contains only several cycles of its
central frequency, that is when the pulse spectrum is broad, as was shown in [2]
by numerical simulations. Such ultra-short pulses are very important to future
technologies of high-speed fiber-optic communication.
Since its first appearance, the SPE (1) became a comprehensively studied
equation of soliton theory. In [3], it was shown that the SPE is associated with
a spectral problem of the Wadati–Konno–Ichikawa type, and a transformation
was found which relates the SPE to the celebrated sine-Gordon equation. In [4],
using this transformation, exact soliton solutions of the SPE were derived from
known soliton solutions of the sine-Gordon equation. In [5], the SPE was stud-
ied as one of four distinct Rabelo equations of differential geometry [6]. The
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recursion operator, Hamiltonian structures and conservation laws [7, 8], mul-
tisoliton solutions [9] and periodic solutions [10] of the SPE were found and
studied as well. By now, nearly a hundred papers has been published on the
SPE. Of their number, several papers were dedicated to multi-component, or
vector, generalizations of the original scalar SPE [11, 12, 13, 14, 15, 16]. Note
that the two-component generalizations of the SPE are interesting to nonlinear
optics since they can model the propagation of polarized ultra-short pulses—see,
for example, [17] and references therein.
In the present short note, we consider one of two-component generalizations
of the SPE, namely, the Yao–Zeng system (YZS) [14]
uxt = u+
1
6
(
u3
)
xx
, vxt = v +
1
2
(
u2vx
)
x
. (2)
Our aim is to show how simply this system is related to the original SPE (1), and
to obtain via this relationship the correct zero-curvature representation (ZCR)
of the YZS (2). The reason to do so is the following. In [14], a definite first-
order linear spectral problem was considered, a hierarchy corresponding to that
spectral problem was constructed, and the system (2) was claimed to belong to
that hierarchy. However, one can check easily that there must be some errors in
matrices of the ZCR of (2) given in [14] because the ZCR with those matrices
actually does not determine the system (2). Moreover, by direct analysis of the
ZCR, one can prove that the system (2) cannot be associated with the spectral
problem considered in [14]. Since Yao and Zeng has not corrected their results
as yet, the question whether the YZS (2) is integrable or non-integrable deserves
a separate study.
The SPE (1) possesses the linear spectral problem
Φx = XΦ, Φt = TΦ, (3)
or, equivalently, the ZCR
DtX = DxT − [X,T ], (4)
where
X =
(
λ λux
λux −λ
)
, T =
(
λ
2
u2 + 1
4λ
λ
2
u2ux −
1
2
u
λ
2
u2ux +
1
2
u −λ
2
u2 − 1
4λ
)
, (5)
Φ is a two-component column, Dx and Dt stand for the total derivatives, square
brackets denote the matrix commutator, and λ is the spectral parameter. If we
make the perturbation
u 7→ u+ ǫz (6)
of the dependent variable u in the SPE (1) and retain only the terms with ǫ0
and ǫ1, we obtain the Pietrzyk–Kanattsˇikov–Bandelow system (PKBS) [11]
uxt = u+
1
6
(
u3
)
xx
, zxt = z +
1
2
(
u2z
)
xx
, (7)
which is essentially the perturbed SPE, as was pointed out by Pietrzyk et al.
Applying the perturbation (6) together with
Φ 7→ Φ + ǫΞ, X 7→ X + ǫA, T 7→ T + ǫB (8)
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to the relations (3), (4) and (5), and retaining the terms with ǫ0 and ǫ1 only,
we obtain
Φx = XΦ, Φt = TΦ,
Ξx = AΦ+XΞ, Ξt = BΦ + TΞ
(9)
and
DtX = DxT − [X,T ],
DtA = DxB − [A, T ]− [X,B]
(10)
with
A =
(
0 λzx
λzx 0
)
,
B =
(
λuz λuzux +
λ
2
u2zx −
1
2
z
λuzux +
λ
2
u2zx +
1
2
z −λuz
)
.
(11)
We can rewrite these relations (9) and (10) in the block-matrix form as, respec-
tively, the linear spectral problem
Ψx =MΨ, Ψt = NΨ (12)
and the ZCR
DtM = DxN − [M,N ] (13)
of the PKBS (7), where
Ψ =
(
Φ
Ξ
)
, M =
(
X 0
A X
)
, N =
(
T 0
B T
)
, (14)
and the matrices X , T , A and B are given by (5) and (11). Note that Pietrzyk
et al. constructed their system and its ZCR directly, not using the perturbation
(6) and (8), and that their ZCR was given in a different form, which is, however,
equivalent via a gauge transformation to the one obtained here.
It is easy to see that the YZS (2) and the PKBS (7) are related to each other
by the potential transformation
z = cvx, (15)
where c is any nonzero constant. The choice of c 6= 1 can be convenient, as we
will see soon. Direct substitution of z (15) to M and N (14) leads to a ZCR
of the YZS, in the sense that the relation (13) is satisfied by any solution of
the YZS. This ZCR, however, is inconvenient because it determines not the
YZS (2) itself but a differential consequence of the YZS, namely, the system
consisting of the SPE (1) and the third-order equation vxxt = vx +
1
2
(
u2vx
)
xx
.
To improve the situation, we obtain an equivalent ZCR of the PKBS, using a
gauge transformation of Ψ, M and N in (12) and (13):
Ψ′ = GΨ,
M ′ = GMG−1 + (DxG)G
−1,
N ′ = GNG−1 + (DtG)G
−1.
(16)
We take the matrix G in the block form
G =
(
I 0
H I
)
, (17)
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where I is the 2× 2 identity matrix and
H =
(
0 −λz
−λz 0
)
. (18)
Note that the gauge transformation (16) with the choice of (17) and (18) does
not change the blocks X and T , but eliminates zx from M and brings zt into
N . As the result, we obtain
M ′ =
(
X 0
P X
)
, N ′ =
(
T 0
Q T
)
, (19)
where
P =
(
0 2λ2z
−2λ2z 0
)
,
Q =
(
0 λuzux +
λ
2
u2zx + λ
2u2z − λzt
λuzux +
λ
2
u2zx − λ
2u2z − λzt 0
)
.
(20)
Then we substitute z (15) to M ′ and N ′ given by (19) with (20), choose c = 1
2λ
to make the matrix M ′ homogeneous in λ, replace vxt by v +
1
2
(
u2vx
)
x
in the
matrix N ′ (that is, we use N ′′ = N ′ +N0 instead of N
′, where N0 = 0 for all
solutions of the YZS), and in this way obtain the linear spectral problem (12)
and the ZCR (13) of the YZS (2) with the matrices (we omit primes)
M =
(
X 0
R X
)
, N =
(
T 0
S T
)
, (21)
where X and T are given by (5) and
R =
(
0 λvx
−λvx 0
)
, S =
(
0 λ
2
u2vx −
1
2
v
−λ
2
u2vx −
1
2
v 0
)
. (22)
The most important difference between our results and the results of Yao
and Zeng lies in the block R of the matrix M : we have found that R21 =
−R12 = −λvx, while the starting point of Yao and Zeng was the assumption
that R21 = R12 = λvx. However, it is possible to prove by direct computation
that, if one changes the sign of R21 from “−” to “+” in the block R (22) of
the matrix M (21), not fixing initially the matrix N , and requires that the
relation (13) determines the system (2), then the matrix N does not exist at
all. Therefore it is not surprising that the matrix N of Yao and Zeng is different
from ours, and that their expressions actually do not determine the system (2),
as one can check easily.
To sum up, we have shown that the YZS is related to the perturbed SPE by
the potential transformation and obtained the correct ZCR of the YZS via this
relationship. Of course, this means that the YZS (2) is integrable.
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